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a b s t r a c t
We consider an implicit iterative process for two finite families of mappings in a real
Banach space and prove strong convergence results without using the Lipschitz condition
on mappings. Our results mainly improve and extend the recent results of Chang et al.
(2001, 2009, 2007) [1–3], Cho et al. (2005) [4], Gu (2008) [14], Ofoedu (2006) [9], Schu
(1991) [13], Zeng (2003, 2005) [20,21], and Qin et al. (2008) [11,12].
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1. Introduction and preliminaries
Throughout this work, we assume that E is a real Banach space, E∗ is the dual space of E, K is a nonempty closed convex
subset of E and J : E → 2E∗ is the normalized duality mapping defined by
J(x) = {f ∈ E∗ : ⟨x, f ⟩ = ‖x‖2 = ‖f ‖2, ‖x‖ = ‖f ‖}, ∀x ∈ E,
where ⟨·, ·⟩ denotes the duality pairing between E and E∗. The single-valued normalized duality mapping is denoted by j.
Let T : K → K be a mapping. T is said to be uniformly L-Lipschitzian if there exists L > 0 such that, for any x, y ∈ K ,
‖T nx − T ny‖ ≤ L‖x − y‖,∀n ≥ 1; T is said to be asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,∞)
with kn → 1 such that for any given x, y ∈ K , ‖T nx − T ny‖ ≤ kn‖x − y‖,∀n ≥ 1; T is said to be asymptotically pseudo-
contractive if there exists a sequence {kn} ⊂ [1,∞)with kn → 1 such that, for any x, y ∈ K , there exists j(x− y) ∈ J(x− y)
such that ⟨T nx− T ny, j(x− y)⟩ ≤ kn‖x− y‖2,∀n ≥ 1. It is well known that every asymptotically nonexpansive mapping is
asymptotically pseudo-contractive but the converse is not true in general.
The iterative approximation problems for such mappings were studied extensively, for example, by Chang et al. [1–3],
Cho et al. [4,5], Khan et al. [6–8], Ofoedu [9], Osilike and Aniagbosor [10], Qin et al. [11,12], and Schu [13] in the setting of
Hilbert or Banach spaces.
Using
xn+1 = (1− αn)xn + αnT nxn, ∀n ≥ 1,
Schu [13] proved some convergence results in the framework of Hilbert spaces. Chang [1] extended Schu’s results to a
real uniformly smooth Banach space. Ofoedu [9] extended Chang’s results from a real uniformly smooth Banach space to a
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real Banach space and removed the boundedness condition imposed on K . Chang et al. [3] corrected a mistake and further
improved Ofoedu’s results to uniformly L-Lipschitzian mappings. See also [14]. They used the condition
⟨T nx− x∗, j(x− x∗)⟩ ≤ kn‖x− x∗‖2 − φ(‖x− x∗‖), ∀x ∈ K , (1.1)
where φ : [0,∞) → [0,∞) is a strictly increasing function with φ(0) = 0 along with either the condition that T is
uniformly L-Lipschitzian or the condition that it is asymptotically pseudo-contractive mapping, or both.
On the other hand, Xu and Ori [15] introduced the following implicit iterative process for a finite family of nonexpansive
mappings {Ti : i ∈ I} (here I = 1, 2, . . . ,N), with {αn} a real sequence in (0, 1), and an initial point x0 ∈ K :
xn = (1− αn)xn−1 + αnTnxn, ∀n ≥ 1, (1.2)
where Tn = Tn(modN) (here the modN function takes values in I). They proved the weak convergence of this process to a
common fixed point for a finite family of mappings defined in a Hilbert space.
Sun [16] improved the results of Xu and Ori [15] from nonexpansive mappings to asymptotically quasi-nonexpansive
mappings in Banach spaces. Assuming that the sequence generated by the process exists, he considered the following
implicit iterative process for a finite family of asymptotically quasi-nonexpansive mappings {Ti : i ∈ I} with {αn} a real
sequence in (0, 1), and an initial point x0 ∈ K :
xn = (1− αn)xn−1 + αnT k(n)i(n) xn, ∀n ≥ 1, (1.3)
where Tn = Tn(modN), n = (k− 1)N + i, i ∈ I .
Recently, Khan et al. [8] introduced the following implicit iteration process for common fixed points of two finite families
of nonexpansive mappings {Ti : i ∈ I} and {Si : i ∈ I} in Banach spaces. For arbitrarily chosen x0 ∈ K , {xn} is defined as
follows:
xn = (1− αn − βn)xn−1 + αnSnxn + βnTnxn, ∀n ≥ 1, (1.4)
where Tn = Tn(modN), Sn = Sn(modN) and {αn}, {βn} are two real sequences in [0,1] satisfying αn + βn ≤ 1 for all n ≥ 1.
Inspired by above works, we introduced and studied in this work, the iterative process (1.4) for two finite families of
mappings {Ti : i ∈ I} and {Si : i ∈ I} satisfying conditions like (1.1) as follows:
xn = (1− αn − βn)xn−1 + αnSk(n)i(n) xn + βnT k(n)i(n) xn, ∀n ≥ 1, (1.5)
where Tn = Tn(modN), Sn = Sn(modN), n = (k − 1)N + i, i ∈ I and {αn}, {βn} are two real sequences in [0, 1] satisfying
αn + βn ≤ 1 for all n ≥ 1.
In this work, using a simple and quite different method and assuming the existence of the sequence {xn} generated by
process (1.5), we study the convergence of (1.5) to a common fixed point for two finite families of mappings {Ti : i ∈ I}
and {Si : i ∈ I} satisfying a condition like (1.1) in a Banach space. We will drop the assumption that the mappings are
uniformly L-Lipschitzian or asymptotically pseudo-contractive. Our results extend and improve a number of results from
the contemporary literature.
In order to prove our main results, we need the following lemmas.
Lemma 1 ([17]). Let E be a real Banach space and J : E → 2E∗ be the normalized duality mapping. Then, for any x, y ∈ E,
‖x+ y‖2 ≤ ‖x‖2 + 2⟨y, j(x+ y)⟩, ∀j(x+ y) ∈ J(x+ y).
Lemma 2 ([18]). Let {θn} be a sequence of nonnegative real numbers and {λn} be a real sequence satisfying the following
conditions:
0 ≤ λn ≤ 1,
∞−
n=0
λn = ∞.
If there exists a strictly increasing function φ : [0,∞)→ [0,∞) such that
θ2n+1 ≤ θ2n − λnφ(θn+1)+ σn, ∀n ≥ n0,
where n0 is some nonnegative integer and {σn} is a sequence of nonnegative numbers such that σn = o(λn), then θn → 0 as
n →∞.
Basically the following lemma is due to Tan and Xu [19] when an+1 ≤ (1+ λn)an+ bn, ∀n ≥ 1 is satisfied. However, the
following also holds.
Lemma 3. Let {an}, {bn} and {λn} be nonnegative real sequences satisfying
an+1 ≤ (1+ λn)an + bn, ∀n ≥ n0.
If
∑∞
n=0 λn <∞ and
∑∞
n=0 bn <∞, then limn→∞ an exists.
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2. The main results
The following is our main result in this work.
Theorem 1. Let E be a real Banach space, K be a nonempty closed convex subset of E, and Ti, Si : K → K, i = 1, 2, . . . ,N,
be two finite families of mappings satisfying conditions (2.1) and (2.2) below. Let F = (∩Ni=1 F(Ti)) ∩ (∩Ni=1 F(Si)) ≠ ∅, where
(∩Ni=1 F(Ti)) ∩ (∩Ni=1 F(Si)) is the set of the common fixed points of Ti and Si in K . Let x∗ be a point in F . Let {kn} ⊂ [1,∞) be a
sequence with kn → 1 and {αn}, {βn} be two sequences in [0, 1] satisfying the following conditions:
(i) αn + βn ≤ 1,∀n ≥ 1;
(ii)
∑∞
n=0 αn = ∞;
(iii)
∑∞
n=0(αn + βn)(kn − 1) <∞;
(iv)
∑∞
n=0(αn + βn)2 <∞.
For any x0 ∈ K, let {xn} be the iterative sequence defined by (1.5). If there exists a strictly increasing function φ : [0,∞) →
[0,∞) with φ(0) = 0 such that
⟨T k(n)i(n) x− x∗, j(x− x∗)⟩ ≤ kn‖x− x∗‖2 − φ(‖x− x∗‖) (2.1)
and
⟨Sk(n)i(n) − x∗, j(x− x∗)⟩ ≤ kn‖x− x∗‖2 − φ(‖x− x∗‖) (2.2)
for all j(x− x∗) ∈ J(x− x∗) and x ∈ K , then {xn} converges strongly to x∗.
Proof. The proof consists of two steps.
(Step I). We prove that the sequence {xn} defined by (1.5) is bounded.
In fact, it follows from (1.5) and Lemma 1 that
‖xn − x∗‖2 = ‖(1− αn − βn)(xn−1 − x∗)+ αn(Sk(n)i(n) xn − x∗)+ βn(T k(n)i(n) xn − x∗)‖2
≤ (1− αn − βn)2‖xn−1 − x∗‖2 + 2αn⟨Sk(n)i(n) xn − x∗, j(xn − x∗)⟩ + 2βn⟨T k(n)i(n) xn − x∗, j(xn − x∗)⟩
≤ (1− αn − βn)2‖xn−1 − x∗‖2 + 2αn[kn‖xn − x∗‖2 − φ(‖xn − x∗‖)]
+ 2βn[kn‖xn − x∗‖2 − φ(‖xn − x∗‖)]
= (1− αn − βn)2‖xn−1 − x∗‖2 + 2kn(αn + βn)‖xn − x∗‖2 − 2(αn + βn)φ(‖xn − x∗‖).
This implies
‖xn − x∗‖2 ≤ (1− αn − βn)
2
1− 2kn(αn + βn)‖xn−1 − x
∗‖2 − 2(αn + βn)
1− 2kn(αn + βn)φ(‖xn − x
∗‖)
≤

1+ 2knαn + 2knβn − 2αn + α
2
n − 2βn + 2αnβn + β2n
1− 2kn(αn + βn)

‖xn−1 − x∗‖2
− 2(αn + βn)
1− 2kn(αn + βn)φ(‖xn − x
∗‖). (2.3)
Since (αn + βn)→ 0 and kn → 1 as n →∞, then there exists a positive integer n0 such that
1
2
< 1− 2kn(αn + βn) ≤ 1
for all n ≥ n0. From (2.3), we have
‖xn − x∗‖2 ≤ (1+ 2[2knαn + 2knβn − 2αn + α2n − 2βn + 2αnβn + β2n ])‖xn−1 − x∗‖2 − 2(αn + βn)φ(‖xn − x∗‖)
≤ (1+ 2[2(αn + βn)(kn − 1)+ (αn + βn)2])‖xn−1 − x∗‖2 − (αn + βn)φ(‖xn − x∗‖) (2.4)
for all n ≥ n0. Since φ(x) ≥ 0 for all x ≥ 0, we have
‖xn − x∗‖2 ≤ (1+ 2[2(αn + βn)(kn − 1)+ (αn + βn)2])‖xn−1 − x∗‖2
for all n ≥ n0. By hypothesis, we obtain
2
∞−
n=0
[2(αn + βn)(kn − 1)+ (αn + βn)2] <∞
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so limn→∞ ‖xn−x∗‖ exists by Lemma 3. Therefore, the sequence {‖xn−x∗‖} is bounded. Thus there exists a positive constant
M such that ‖xn − x∗‖2 ≤ M .
(Step II). Here we prove that xn → x∗.
Putting θn = ‖xn−1 − x∗‖, λn = αn + βn and σn = 2[2(αn + βn)(kn − 1)+ (αn + βn)2]M , we can write (2.4) as
θ2n+1 ≤ θ2n − λnφ(θn+1)+ σn, ∀n ≥ n0.
Now all the conditions of Lemma 2 are satisfied; therefore by its conclusion,
lim
n→∞ ‖xn − x
∗‖ = 0. 
Remark 1. (1) Theorem 1 extends and improves the corresponding results of Chang et al. [1,3], Cho et al. [4], Ofoedu [9],
Schu [13], Zeng [20,21], Chang et al. [2], Qin et al. [11,12] and Gu [14].
Remark 2. In [1–3,11,12,14], there is a commonoversight in choosingλn = 2αnwhere {αn} is a sequence in [0, 1].Obviously
this may not imply that 0 ≤ λn ≤ 1 and hence Lemma 2 cannot be appealed to. This has been fixed in our proof above.
The following theorem deals with one family of mappings and can be obtained from Theorem 1 immediately.
Theorem 2. Let E be a real Banach space, K be a nonempty closed convex subset of E, Ti : K → K , i = 1, 2, . . . ,N, be a finite
family of mappings satisfying condition (2.5) below with F = ∩Ni=1 F(Ti) ≠ ∅, where ∩Ni=1 F(Ti) is the set of the common fixed
points of Ti in K . Let x∗ be a point in F . Let {kn} ⊂ [1,∞) be a sequence with kn → 1. Let {αn} be a sequence in [0, 1] satisfying
the following conditions:
(ii)
∑∞
n=0 αn = ∞;
(v)
∑∞
n=0 α2n <∞;
(iii)
∑∞
n=0 αn(kn − 1) <∞.
For any x0 ∈ K , let {xn} be the iterative sequence defined by
xn = (1− αn)xn−1 + αnT k(n)i(n) xn, ∀n ≥ 1.
where Tn = Tn(modN), n = (k−1)N+ i, i ∈ I = {1, 2, . . . ,N}. If there exists a strictly increasing function φ : [0,∞)→ [0,∞)
with φ(0) = 0 such that
⟨T k(n)i(n) x− x∗, j(x− x∗)⟩ ≤ kn‖x− x∗‖2 − φ(‖x− x∗‖), (2.5)
for all j(x− x∗) ∈ J(x− x∗) and x ∈ K, then {xn} converges strongly to x∗.
Proof. Take βn = 0 in Theorem 1. 
Our next result is for two mappings.
Theorem 3. Let E be a real Banach space, K be a nonempty closed convex subset of E, and T , S : K → K be the two mapping
conditions (2.6) and (2.7) below with F = F(T ) ∩ F(S) ≠ ∅, where F(T ) ∩ F(S) is the set of the common fixed points of T and S
in K . Let x∗ be a point in F . Let {kn} ⊂ [1,∞) be a sequence with kn → 1. Let {αn} and {βn} be two sequences in [0, 1] satisfying
the following conditions:
(i) αn + βn ≤ 1,∀n ≥ 1;
(ii)
∑∞
n=0 αn = ∞;
(iii)
∑∞
n=0(αn + βn)(kn − 1) <∞;
(iv)
∑∞
n=0(αn + βn)2 <∞.
For any x0 ∈ K , let {xn} be the iterative sequence defined by
xn = (1− αn − βn)xn−1 + αnSnxn + βnT nxn, ∀n ≥ 1.
If there exists a strictly increasing function φ : [0,∞)→ [0,∞) with φ(0) = 0 such that
⟨T nx− x∗, j(x− x∗)⟩ ≤ kn‖x− x∗‖2 − φ(‖x− x∗‖) (2.6)
and
⟨Snx− x∗, j(x− x∗)⟩ ≤ kn‖x− x∗‖2 − φ(‖x− x∗‖) (2.7)
for all j(x− x∗) ∈ J(x− x∗) and x ∈ K, then {xn} converges strongly to x∗.
Proof. Take N = 1 in Theorem 1. 
Finally, we have a result for one mapping case.
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Theorem 4. Let E be a real Banach space, K be a nonempty closed convex subset of E, and T : K → K be a mapping satisfying
condition (2.8) below with F = F(T ) ≠ ∅, where F(T ) is the set of the fixed points of T in K . Let x∗ be a point in F . Let
{kn} ⊂ [1,∞) be a sequence with kn → 1. Let {αn} be a sequence in [0, 1] satisfying the following conditions:
(ii)
∑∞
n=0 αn = ∞;
(iii)
∑∞
n=0 αn(kn − 1) <∞;
(v)
∑∞
n=0 α2n <∞.
For any x0 ∈ K, let {xn} be the iterative sequence defined by
xn = (1− αn)xn−1 + αnT nxn, ∀n ≥ 1.
If there exists a strictly increasing function φ : [0,∞)→ [0,∞) with φ(0) = 0 such that
⟨T nx− x∗, j(x− x∗)⟩ ≤ kn‖x− x∗‖2 − φ(‖x− x∗‖), (2.8)
for all j(x− x∗) ∈ J(x− x∗) and x ∈ K , then {xn} converges strongly to x∗.
Proof. Take either S = T or βn = 0 in Theorem 3. 
Remark 3. Under suitable conditions, the sequence {xn} defined by (1.5) can also be generalized to the iterative sequences
with errors. That is, all the results proved in this work can also be proved for the iterative process with errors. In this case
our main iterative process (1.5) looks like
xn = (1− αn − βn − γn)xn−1 + αnSk(n)i(n) xn + βnT k(n)i(n) xn + γnun, ∀n ≥ 1. (2.9)
where Tn = Tn(modN), Sn = Sn(modN), n = (k − 1)N + i, i ∈ I = {1, 2, . . . ,N}, {αn}, {βn} are two real sequences in [0, 1]
satisfying αn + βn + γn ≤ 1 for all n ≥ 1 and {un} is a bounded sequence.
Remark 4. If we take αn = 0, the iterative process (2.9) reduces to the following process:
xn = (1− βn − γn)xn−1 + βnT k(n)i(n) xn + γnun, ∀n ≥ 1,
and therefore, our main results using (2.9) improve and extend some existing results.
Remark 5. The iterative process (2.9) is computationally simpler than the iterative process defined by Chang [1] as follows:
xn+1 = (1− αn − βn)xn + βnT nyn + γnun,
yn = (1− γn − δn)xn + γnT nxn + δnvn, ∀n ≥ 1.
Therefore, our results using (2.9) are better.
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